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1. Introduction:

The fundamental work in metric fixed point theory, by Stefan banach in 1922 is famous
as banach contraction principle. After that a number of authors introduced different contractive
type mappings and proved many fixed point theorems extending the theory. B.E.Rhoades [1],
Paula Collaco and Jaime Carvalho E Silva [2] compared various definitions of contractive
mappings. In 2007, Huang and Zhang [3] introduced the concept of cone metric spaces by
replacing the co domain with Banach spaces in a metric function whose range satisfy the
properties of a cone. Subsequently, Abbas and Jungck [4], Abbas and Rhoades [5] have studied
common fixed point theorems in cone metric spaces for normal cones with the assumption of
normality. Sh.Rezapour and R.Hamlbarani [6] proved some fixed point theorems for any cone,
omitting the assumption of normality. Recently, several authors have proved and proving many
common fixed point theorems, see [7-12]. Recently Manoj Garg [14] introduced cone hexagonal
metric space and proved banach contraction principle in cone hexagonal metric space.

The purpose of this paper is to prove the common fixed point theorems for a pair of
weakly compatible maps which satisfy generalized contractive conditions in complete normal
cone hexagonal metric space.

The following notions have been used to prove the main result.

Definition1.1:([3]) Let E be a real Banach Space. A subset P of E is called cone if and
only if
(i) P is closed, non empty and P #{0}(ii)) 0<a,b e Rand x, ye P impliesax + by € P
(ii)PN(- P) = {0}.
Definition 1.2:([3]) The partial ordering < with respect to P € E is defined by (i) x <y if and
only if y- x e P. (ii) x <y shows that x <y but x #y, (iii) x <<y will stand for y - x € int(P),
int(P) denotes the interior of P.
Definition 1.3 :([3]) A cone P is called normal if there is a number p > 1 such that for all x, y
€ E, theinequality O0<x<yimplies|x||< |y |\
The least positive number p satisfying the above inequality is called the normal constant of P.

In this paper we always suppose that E is a real Banach space and P is a cone in E with int(P)
# ® and

* <’ is a partial ordering with respect to P.
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Definition 1.4:([13]) Let X be a non empty set. Suppose that the mapping d: X X X — E
satisfies:

(i) 0<d(x,y)forallx,ye Xandd(x,y)=0ifandonly if x =.

(i) d(x,y) =d (y, x) for all x, ye X.

(i) d(x, y) < d(x, 2)+d(z, w)+d(w, u) + d(u, y) for all x, y, z, w, u € X and for all distinct

points

z,w,ue X-{x, vy}
Then d is called a cone pentagonal metric on X and (X,d) is called a cone pentagonal metric space.
Definition 1.5:[14] Let X be a non empty set. Suppose that the mapping d : X X X — E
satisfies:

(i) 0<d(x,y)forallx,ye Xandd(x,y)=0ifandonly if x =y

(i) d(x, y) =d (y, x) for all x, y e X.

(i) d(x, y) <d(x, z) + d(z, w) + d(w, u) + d(u, v) +d(v, y) for all x, y, z, w, u, ve Xand

for all distinct points z, w, u, ve X-{x, y}[hexagonal property].
Then d is called a cone hexagonal metric on X, and (X, d) is called a cone hexagonal metric space.
Definition 1.6[14]: Let {x,} be a sequence in a cone hexagonal metric space (X, d) and xe X. If
for every c e E, with 0<< c there exist n, € N and that for all n > ngy,d(X,, X) <<c, then {x,} is
said to be convergent, {x,} converges to x and x is the limit of {x.}. It is denoted by
lim,, x, = x Orx, —X, asn-—oo.
Definition 1.7[14]: If for every c € E, with 0 << cthereexistn, e N such thatforall n>n,,

d (X, Xm) <<c, then{x,} is called Cauchy sequence in a cone hexagonal metric space X.

Definition 1.8[14]: If every Cauchy sequence is convergent in a cone hexagonal metric space
(X, d), then (X, d) is called a complete cone hexagonal metric space.
Theorem 1.9[14]: Let (X, d) be a cone hexagonal metric space and P be a normal cone with

normal constant p. Let {x.} be a sequence in X, then {x.} converges to x if and only if
|ld (x,,%)| — 0 as n—oo0
Theorem 1.10[14]: Let (X, d) be a cone hexagonal metric space and P be a normal cone with

normal constant . Let {Xxn} be a sequence in X, then {xn} is a Cauchy sequence if and only if

d(x )| >0 asn— e

n? Xn+p
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Theorem 1.11[14]: Every cone (or rectangular or pentagonal) metric space is cone hexagonal metric
space.
The converse of the above theorem is not necessarily true as it can be seen from the following

example.

Example 1.12 Let X=N, E= R2 and P= {(x, y): X, y > 0}. Define d: X X X — E as follows:
dix,y)=(0,0)ifx =y;
d(x,y) =(9,15) if xand y arein {3, 4}, X £ ;
d(x,y) = (3, 5) if x and y cannot both at a time in {3, 4}, X # V.
Then (X, d) is a cone hexagonal (or pentagonal or rectangular) metric space but not a cone
metric space because it lacks the triangular property:
(9,15)=d(3,4)>d(3,5) +d (5, 4)=(3,5) +(3,5) = (6, 10)
As (9, 15) - (6, 10) =(3,5) € P.

Theorem 1.13[14]: Every rectangular and pentagonal (resp. complete rectangular and complete
pentagonal) cone metric space is hexagonal (resp. complete hexagonal) cone metric space.
The converse of the above theorem is not necessarily true as it can be seen from the

following example.
Example 1.14: let X ={1,2,3,4,5,6},E=R?and P={(x,y):x y=>0} is a normal cone in E.
Define

d: X X X — E as follows:

d(L2) =d(21) = (5.10)

d@13)=d(3) =d14)=d(41) =d(L5) =dG1) =d(23) =d(32) =d(2.4) = d(4,2) = d(2,5) = d(5,2)
~d(34) =d(43)=d(35)=d(53) =d(45) = d(5,4) = (L2)

d(1,6) = d(6,1) =d(2,6) = d(6,2) = d(3,6) = d(6,3) = d(4,6) = d(6,4) = d (5,6) = d (6,5) = (4,8)

Then (X, d) is a cone hexagonal (resp. complete hexagonal) metric space but not a cone
pentagonal (resp. complete pentagonal) and so cone rectangular (resp. complete rectangular)
metric space because it lacks the pentagonal and rectangular property:

(5,10)=d(1,2)>d(1,3)+d(3,4) +d4,5)+d(5,2)=(1,2) +(1,2) +(1,2) + (1, 2) =
(4,8)
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As (5,10)-(4,8)=(1,2) e P.

Definition 1.15 [4]: let X be a non empty set and f, g two self maps on X then

Q) if g=fp=gp for some p € X, then p is called a coincidence point of f

and g also q is called a point of coincidence of fand g
(i) if p=fp=gp for some p € X, then p is called a common fixed point of
fand g
Definition 1.16[4]: let X be a non empty set and f, g two self maps on X . The pair
{f.g}is
Said to be weakly compatible if f(gt) = g(ft) Whenever ft=gt for

some te X
Theorem 1.17[4]: let f and g weakly compatible self maps of a set X. If fand g
have a unique point of coincidence w=fx=gx, then w is the unique common fixed
point of f and g.
2. Main results
Theorem 2.1: let (X, d) be a cone hexagonal metric space . Suppose the self maps
f,g: X — X satisfy the contractive condition d(fx, fy) <kd(gx, gy),Vx,y e X
2.1(2)
Where k €[0,2) is a constant. If the range of f is contained in the range of g and the range of g
is a complete subspace of X. more over if f and g are weakly compatible, then f and g have
unique common fixed point.

Proof: LetX, € X be arbitrary choose x, € X such that f(x,)=g(x,).This is possible since

f (X) < g(X) continuing this process, choose x,.,, € X such that f(x,)=09(X,,) ,n=0,1,
Now we define a sequence {yn} in X such that y, = f(x,)=09(x,.,,) for n=0, 1, 2......

2.1(2)

Ify, =V, forsome me N, then vy, = f(X,)=9(X,..)

That is f and g have a coincidence point X, € X

A Monthly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories
Indexed & Listed at: Ulrich's Periodicals Directory ©, U.S.A., [JsEiINECELERNEIE! as well as in Cabell’s Directories of Publishing Opportunities, U.S.A.

International Journal of Physical and Social Sciences
http: //www.ijmra.us



Novemberh  [ITIX  votumes,issue1r  [OONHPPY T LT

2015 -

Assumey, #VY,.,,Vne N
Now d(y,,VY,.,) =d(fx,, fx. ;)
<kd(gx,,g9x,,,) Using2.1(1)
<kd(Yo1Ya) Using 2.1(2)
By repeated application of 2.1(1) and 2.1(2), we get
d(Yn, Vo) <k"d (Yo, Y1)
2.1(3)
Now  d(Y,.Yn.2) d(Ya: Ynua) +d(Vaias Yii2)
<k"d(Yo, Y1) +K"d (Yo, Y1)
<k"@+k)d(y,,Y;)

kn
d(Yn: Yoi2) smd(yo, )
2.1(4)
i K"

Similarly d(Yns Vi) < ﬁd(ym )
2.1(5)

Ao Vos) <~ d (Yo, ¥2)

n n+4 1—k 0 1

2.1(6)

Now for the sequence {y,} we consider d(y,,Y,,,) in four cases

Case I: p=4m+1 for m>1

Then by hexagonal equality we have
d (yn’ yn+4m+1) < d (yn’ yn+1) + d (yn+1' yn+2) + d (yn+2’ yn+3) + d (yn+3’ yn+4) + d (yn+4' yn+4m+1)

< d(yn’ yn+1) + d(yn+1’ yn+2) + d(yn+2’ yn+3) + d(yn+3’ yn+4) + d(yn+4’ yn+5)
+0d(Ynss Ynes) ¥ AVoigr Yoirr) + A (Voars Yous) T A(Voigs Yovamea)

= d (yn ' yn+1) + d(yn+l’ yn+2) + d (yn+2’ yn+3) + d (yn+3' yn+4) + d (yn+4' yn+5) +
.................. + d (yn+4m71, yn+4m) + d (yn+4m ’ yn+4m+1)

<k"d(Yo, 1) +K"d(Yo, Y1) ++K"*d (Yo, Yo) + oo + K" (yg, ) + KT (Y5, ;)
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gkn(l+k+k2+k3+ ............ )d(yoay1)

n

mmwwmnmgsfiuwwm m>1 21(7)

Case ll: p=4m+2 for m>1
By hexagonal equality we have
d (yn' yn+4m+2) < d (yn ' yn+l) + d (yn+1’ yn+2) + d (yn+21 yn+3) + d (yn+3l yn+4) + d (yn+4' yn+4m+2)

< d(yn' yn+1) + d(yn+1’ yn+2) + d(yn+2’ yn+3) + d(yn+3’ yn+4) + d(yn+4' yn+5)
+ d (yn+5’ yn+6) + d (yn+67 yn+7) + d (yn+7’ yn+8) + d (yn+8’ yn+4m+2)

= d (yn ' yn+1) + d(yn+l’ yn+2) + d (yn+2’ yn+3) + d (yn+3' yn+4) + d (yn+4' yn+5) +
""""""""" gt d (yn+4m ’ yn+4m+1) 3 d (yn+4m+1l yn+4m+2)

<k"d (Yo, 1) + K™ d (Yo, Y1) ++K"2d (Yo, Vi) + e £ KM (Yo, 1) + KM (Yo, Y,)

Skn(l+k+k2+k3+ ............ )d(yo,yl)

Hence d(y,, Yania) €7 d(Vo, ), m21 2.1(8)

Case lll: p=4m+3 form>1
By hexagonal equality we have
d (yn! yn+4m+3) = d (yn’ yn+1) + d (yn+1' yn+2) ns d (yn+2’ yn+3) + d (yn+3’ yn+4) + d (yn+4' yn+4m+3)

<d(Ynr Vo) FA(Ynis Yoiz) +AVoizs Yous) £ A (Vniss Voea) + A (Viias Yiois)
+ d (yn+5’ yn+6) + d (yn+6’ yn+7) + d (yn+7' yn+8) it d (yn+8’ yn+4m+3)

= d (yn ' yn+1) + d (yn+l’ yn+2) + d (yn+27 yn+3) + d (yn+3' yn+4) + d (yn+4' yn+5) +
""""""""" + d (yn+4m+1’ yn+4m+2) + d (yn+4m+2 ! yn+4m+3)

<k"d(Yo, y1) + K™ d (Yo, Y1) ++K"2d (Yo, V1) + e £ KT (g, y,) + K2 (Y, L)

Skn(l+k+k2+k3+ ............ )d(y()lyl)

n

mewmmm@sfiwmwm m>1 21(9)

Case IV: p=4m+4 form>1
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By hexagonal equality we have
d (yn’ yn+4m+4) < d (yn ! yn+l) + d (yn+1’ yn+2) + d (yn+2’ yn+3) + d (yn+3’ yn+4) + d (yn+4’ yn+4m+4)

< d(yn’ yn+1) + d(yn+1’ yn+2) + d(yn+2’ yn+3) + d(yn+31 yn+4) + d(yn+4’ yn+5)
+ d (yn+5' yn+6) + d (yn+6’ yn+7) + d (yn+7’ yn+8) + d (yn+8’ yn+4m+4)

= d (yn! yn+1) + d(yn+l’ yn+2) + d (yn+27 yn+3) + d (yn+3' yn+4) + d (yn+4' yn+5) +
.................. + d (yn+4m+2, yn+4m+3) + d (yn+4m+3! yn+4m+4)

<k"d (Yo, Y,) + K™ d (Yo, Y1) + K2 (Yo, V1) # oo + KA (g, yy) + KR (Y, )
<K"@Q+k+k?+Kk® 4. Yd(Yo,Y,)

n

HenGed (Y, Vouan.s) < 7o d(vo, i) M2 1 2.1(10)

Thus from above four cases, we have d(y,,Y,,,) < 1k—kd )

Since P is normal cone we have Hd(yn, Yip)

‘S y%”d(yo, y1)|| —>0asn—wforallpe N

Hence {vy, } isa Cauchy sequence in X.
Since g(X) Is a complete subspace of X, there exist b € X such that

limy o Y =limy, gXn4q = b
Also we can find a e X such that ga=b

Now consider
d(fa, b) < d ( fa! yn+1) + d (yn+l1 yn+2) + d(yn+2’ yn+3) + d(yn+3’ yn+4) + d(yn+4'b)
= d(fa! an+l) + d(yn+1’ yn+2) + d (yn+2' yn+3) + d(yn+3' yn+4) + d(yn+4’b)

< kd(ga’ gxn+1) + d(yn+l’ yn+2) + d(yn+2’ yn+3) + d(yn+3’ yn+4) + d (yn+4’b)
< kd (b1 yn) + d(yn+l1 yn+2) + d(yn+2’ yn+3) + d(yn+3’ yn+4) + d(yn+4’b)

Since P is normal cone we have

||d(fa! b)” < lu”kd(b' yn) + d(yn+1' yn+2) + d(yn+2’ yn+3) + d(yn+3' yn+4) + d(yn+4!b)” - Oas n—0
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This implies  |d(fa,b)| =0
Which implies  fa=b 2.1(11)
Therefore fa=ga=b thus fand g have a coincidence point in X.

Now we shall prove point of coincidence is unique.

Let r be any point of coincidence of fand g Then fy=gy=r 2.1(12)
Suppose v is any point of coincidence of f and g then we have fc=gc=v 2.1(13)
Now, d(r,v) =d(fy, fc) <kd(gy, gc)

d(r,v) <kd(r,v)

(k—Dd(r,v) € P Using def 1.2(i)
Multiplying with positive real number (1-k), we get —d(r,v) e P
But, we have d(r,v) € P. From the def of cone and cone metric we getr =v

Thus f and g have unique point of coincidence in X

Since f and g are weakly compatible then from  2.1(12) we have fr = fgy=gfy=gr
Therefore fr = gr = w(say)

This shows that w is another point of coincidence of fandg
Therefore by the uniqueness of point of coincidence we must have w=r

Hence, there exist unique pointr e Xsuchthat fr=gr=r

Thus r is a unique common fixed point of self mappings f and g

Hence f and g have a unique common fixed point

Theorem 2.2: let (X, d) be a cone hexagonal metric space. Suppose the self maps f,g: X — X

satisfy the contractive condition d( fx, fy) <k[d(fx,gx)+d(fy,gy)],Vx,y e X 2.2(1)
Where k [O,%) is a constant. If the range of f is contained in the range of g and the range of g

is a complete subspace of X then f and g have a unique coincidence point in X more over if f
and g are weakly compatible, then f and g have unique common fixed point.

Proof: Letx, € X be arbitrary choose x, € X such that f(x,) = g(x,).This is possible since

f (X) < g(X) continuing this process, choose x,.,, € X such that f(x,)=09(X,,) ,n=0,1,
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Now we define a sequence {y,} in X such that y, = f(x,) =9(x,,,) forn=0, 1, 2......

)

If ym = ym+1 forsomeme N ! then ym = f(xm+l) = g(xm+l)
That is f and g have a coincidence point x ., € X
Assumey, #VY,.,,Vne N

NOW d (yn ! yn+1) = d ( an ! fxn+1)
<Kk[d(fx,,0x,)+d(fX,.,,0X,.,)] From 2.2(1)

=k[d(Y,, ¥oa) +d(Ypa,¥a)]  From2.2(2)

= k[d(yn—l7 yn) + d(yn7 yn+1)]
Which implies that d(y,,, Y,.,) sﬁd(yn_l, y,) forn=0,1,2......

Thus d(Y,, Y,..) < 2d(Yoa,Y,)
< pzd(yn—Z’ ynfl)

d(yn’yn+1)spnd(y0'y1) 22(3)

For all n>0 where p:ﬁ< 1

NOW d(yn’yn+2) Sd(yn’ynJrl)-i_d(ynJrllyn+2)
< p"d(Yo, Y,) + pn+1d(y0! )
<p" L+ p)d (Yo, Y1)

pn
1-p

2.2(4)

d(Y, Yoe2) < d(Ye, Y1)

pn
1-p

2.2(5)

Similarly d(y,,Y,.s) < d(Yo.Y,)
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A(Yn: Vo) <7 d(yo' Y1) 2.2(6)

Now for the sequence {y,} we consider d(y,,Y,,,) in four cases

CaseI: p=4m+1 for m>1

Then by hexagonal equality we have
d (yn' yn+4m+1) < d (yn ' yn+l) + d (yn+1’ yn+2) + d (yn+2’ yn+3) + d (yn+3l yn+4) + d (yn+4’ yn+4m+l)

< d(yn’ yn+1) + d(yn+17 yn+2) + d(yn+2’ yn+3) + d(yn+31 yn+4) + d(yn+4’ yn+5)
+ d (yn+5! yn+6) + d (yn+61 yn+7) + d (yn+7’ yn+8) + d (yn+8’ yn+4m+1)

= d (yn’ yn+1) + d(yn+l’ yn+2) + d (yn+2’ yn+3) + d (yn+3' yn+4) + d (yn+4' yn+5) +
""""""""" + d (yn+4m—1’ yn+4m) + d (yn+4m ! yn+4m+1)

<p'd (Yor Y1) + Pmld (Yo: Y1) + +Pn+2d (yomn) ... + PnMan (Yo, Y1)+ Pn+4md (Yor Y1)

<Pp"A+p+pP° + P+ Yd(Y,, Y,)
Hence d(Yy, Yy.am-1) ~ d(yo, y)), m=1 2.2(7)

Case II: p=4m+2 for m> 1
By hexagonal equality we have

d (yn' yn+4m+2) < d (yn ’ yn+l) i d (yn+17 yn+2) A d (yn+2’ yn+3) i d (yn+3' yn+4) + d (yn+4’ yn+4m+2)

< d (yn' yn+1) i d (yn+1’ yn+2) + d (yn+2’ yn+3) + d (Yn+37 yn+4) + d (yn+4' yn+5)
+ d (yn+5’ yn+6) + d (yn+61 yn+7) i d (yn+7’ yn+8) = d (yn+8’ yn+4m+2)

= d (yn ! yn+1) + d(yn+l1 yn+2) + d (yn+21 yn+3) + d (yn+3’ yn+4) W d(yn+4’ yn+5) +
""""""""" + d (yn+4m ! yn+4m+l) + d (yn+4m+1' yn+4m+2)

< p"d(Yo, Y1)+ 2 A (Yo, Y1) 42" A (Yo, Vi) e + 2" (Yo, Y1) + 2™ (Yo, VL)

Spn(1+p+p2+p3+ ............ )d(y()ayl)

y)), m>1 2.2(8)

HenCe d (yn ] yn+4m+2) -

Case llI: p=4m+3 form>1

By hexagonal equality we have
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d(ym yn+4m+3) < d(yn’ yn+1) + d(yn+1’ yn+2) + d(yn+2’ yn+3) + d (yn+3’ yn+4) + d(yn+4' yn+4m+3)

< d(yn' yn+1) + d(yn+1’ yn+2) + d(yn+2’ yn+3) + d(yn+3! yn+4) + d(yn+4' yn+5)
+ d (yn+5’ yn+6) + d (yn+61 yn+7) + d (yn+7’ yn+8) + d (yn+8’ yn+4m+3)

= d (yn ' yn+1) + d(yn+l’ yn+2) + d (yn+27 yn+3) + d (yn+3' yn+4) + d (yn+4' yn+5) +
.................. + d (yn+4m+1, yn+4m+2) + d (yn+4m+21 yn+4m+3)

<P"d(Yo, Y1) + 2" (Yo, Y1) + 2" A(Yo, Yo) v + 0T (Yo, Y1) + 2T (Y5, V1)
<P "A+p+pP° +P% . )d(Y,, Y,)
o
1-p
CaseIV: p=4m+4 for m>1

Hence d(Y,. Yniamia) < d(yo,y:), m=1 2.2(9)

By hexagonal equality we have

d (yn' yn+4m+4) < d (yn ' yn+l) A d (yn+1! yn+2) ot d (yn+21 yn+3) - d (yn+3' yn+4) + d (yn+4' yn+4m+4)

S d(yn’ yn+1) i d(yn+1! yn+2) + d(yn+2! yn+3) + d(yn+31 yn+4) + d(yn+4’ yn+5)
+d(Ynis: Ynie) T A(Vossr Ynir) +A(Voi7s Yious) + A(Voisr Yoamia)

= d (yn ! yn+1) i d(yn+l1 yn+2) + d (yn+21 yn+3) + d (yn+3’ yn+4) = d(yn+4’ yn+5) +
------------- i d (yn+4m+2 g yn+4m+3) + d (yn+4m+3’ yn+4m+4)

< p"d (Yo, Y1) + 2" d (Yo, Vo) + +0" A (Yo, Vi) + e + 2 2 (Yo, Y1) + 2" A (Y0 V)

<p"+ ol + 0° % . )d(Y,, Yy)
Henced (Y, Youime) S 72— d (¥, %), m21 2.2(10)
-p
Thus from above four cases, we have d(y,,Y,,,) < 1'0 d(Ye, Y1)
-p
pn

Since P is normal cone we have Hd(yn , yn+p)H <u ld (Yo, Y1)| =0 asn—oo forallpe N

1-p
Hence {vy, }isa Cauchy sequence in X.

Since g(X) iIs a complete subspace of X, there exist b € X such that

limy o Y =limy o gxpq = b
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Also we can find a € X such that ga=b

Now consider

d(fa, b) < d ( fa! yn+1) + d (yn+l1 yn+2) + d(yn+2’ yn+3) + d(yn+3’ yn+4) + d(yn+4'b)

= d(fa! an+l) + d(yn+1’ yn+2) + d (yn+2' yn+3) + d(yn+3' yn+4) + d(yn+4’b)

< k[d ( fa! ga) + d ( fxn+l1 an+1)] + d (yn+l1 yn+2) + d (yn+2’ yn+3) + d (yn+31 yn+4)
+d(yn+4’b)

<kd(fa,b) +kd(Y,.1, ¥n) +Ad (Yo Yorz) T AVnizs Yois) + A (Voizs Yoia)
+d(Y,.,,h)

1
d ( fa, b) < E[kd(yn ) yn+1) +d (yn+1’ yn+2) +d (yn+21 yn+3) + d(yn+31 yn+4) +d (yn+4’b)]

Since P is normal cone we have

Ja(fa,b)] < KAV, Yous) + 8 Vs Yoez) + 20 Vo) + Yo Yoea) + 8 (s )] > Oas

n—oo

This implies |d(fa,b)| =0
Which implies fa=b 2.2(11)
Therefore fa=ga=b thus f and g have a coincidence point in X.

Now we shall prove point of coincidence is unique.

Let r be any point of coincidence of fand g Then fy=gy=r 2.2(12)
Suppose v is any point of coincidence of f and g then we have fc=gc=v 2.2(13)
Now, d(r,v)=d(fy, fc) <k[d(fy,gy)+d(fc,gc)]
<k[d(fy, fy)+d(fc, fc)]=0
d(r,v)=0

r=v
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Thus f and g have unique point of coincidence in X

Since f and g are weakly compatible then from  2.2(12) we have fr = fgy=gfy=gr
Therefore fr = gr = w(say)

This shows that w is another point of coincidence of fandg
Therefore by the uniqueness of point of coincidence we must have w=r

Hence, there exist unique pointr e Xsuchthat fr=gr=r

Thus r is a unique common fixed point of self mappings f and g
Hence f and g have a unique common fixed point

Theorem 2.3: let (X, d) be a cone hexagonal metric space. Suppose the self maps f,g: X —> X
satisfy the contractive condition d(fx, fy) <k[d(fx, gy)+d(fy,gx)],Vx,y e X
2.3(2)

Where k [O,%) Is a constant. If the range of f is contained in the range of g and the range of g

is a complete subspace of X then f and g have a unique coincidence point in X more over if f and
g are weakly compatible, then f and g have unique common fixed point.

Proof: Letx, € X be arbitrary choose x, € X such that f(x,) = g(x,).This is possible since

f (X) < g(X) continuing this process, choose Xx,,, € X such that f(x,)=9(X,,) ,n=0,1,

Now we define a sequence {y,} in X such that y, = f(x,) = g(x,.,) for n=0, 1, 2...... 2.3
)

Ify, =V, forsomemeN,then vy, = f(X,,)=0(X,..)
That is f and g have a coincidence point x ., € X

Assumey, #VY,.,,Vne N

NOW d(yn1 yn+1) = d(an, an+1)

<K[d(fx,,0X,,,)+d(fX,,,,0%,)] From 2.3(1)

n+l?

=k[d (Y, ¥a) +d(Ya:Yoa)]  From 2.3(2)
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= k[d(yn_la yn) + d(yn ' yn+1)]

Which implies that d(y,,Y,.,) sﬁd(yn_l, y,) forn=0,1,2.......

ThUS d(yn, yn+l) < hd(yn—l1 yn)

<h*d(Y,2, Yos)

d(Yn: Vo) <h"d (Y, V1) 2.3(3)

For all n>0 where h:Lk<1

NOW d(yn1yn+2) Sd(yn!yn+1)+d(yn+l’yn+2)
<h"d (Yo, y;) +h™d(Y,, V1)
<h"@+h)d(y,,Y,)

hn
A(Yn:Yni2) <70 (Yo, Y1) 2.3(4)
- h"
Similarly d(y. S o) 2.3(5)
hn
d(Yn, Yoia) Sﬁd(yo’ Y1) 2.3(6)

Now for the sequence {y,} we consider d(y,,Y,,,) in four cases
Case I: p=4m+1 for m> 1
By hexagonal equality we have
d(Yn: Yneame) S AVn0 Vo) + V00 Yoe2) #(Yorzs Yora) + A (Viias Yord) A (Voeas Yoramaa)

< d(yn’ yn+1) + d(yn+l’ yn+2) + d(yn+2’ yn+3) + d(yn+3! yn+4) + d(yn+4' yn+5)
+ d (yn+5’ yn+6) + d (yn+6’ yn+7) + d (yn+7’ yn+8) + d (yn+8’ yn+4m+1)

= d (yn1 yn+1) + d(yn+l7 yn+2) + d (yn+27 yn+3) + d (yn+3’ yn+4) + d (yn+4’ yn+5) +
""""""""" + d (yn+4m—l’ yn+4m) + d (yn+4m 1 yn+4m+1)

<h"d (Yo, ¥,) +h"™d (Yo, ¥1) ++h™2d (Yo, Y1) + oo + K™ (g, 1) + WA (Y, Y1)
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gh"(1+h+h2+h3+ ............ )d(yo,yl)

n

Hence d (Y, Vu.am) slh—hd(yo, y), m>1 2.3(7)

Case II: p=4m+2 form>1
By hexagonal equality we have
d (yn' yn+4m+2) < d (yn ' yn+l) + d (yn+1’ yn+2) + d (yn+21 yn+3) + d (yn+3l yn+4) + d (yn+4' yn+4m+2)

< d(yn' yn+1) + d(yn+1’ yn+2) + d(yn+2’ yn+3) + d(yn+3’ yn+4) + d(yn+4' yn+5)
+ d (yn+5’ yn+6) + d (yn+67 yn+7) + d (yn+7’ yn+8) + d (yn+8’ yn+4m+2)

= d (yn ' yn+1) + d(yn+l’ yn+2) + d (yn+2’ yn+3) + d (yn+3' yn+4) + d (yn+4' yn+5) +
""""""""" gt d (yn+4m ’ yn+4m+1) 3 d (yn+4m+1l yn+4m+2)

<h"d(Y,,y,) +h"™d(Y, ¥;) ++h"2d (Yo, ¥y) + oo + DA (Y, Y1) + -+ (Y5, V1)

Shn(1+h+h2+h3+ ............ )d(y01y1)

n

h
Henced(yniyn+4m+2) Sﬁd(yolyl)i m2=1

Case I1I: p=4m+3 for m > 1

2.3(8)

By hexagonal equality we have
d (yn1 yn+4m+3) < d (ynf yn+1) + d (yn+1' yn+2) i d (yn+2’ yn+3) + d (yn+3’ yn+4) + d (yn+4’ yn+4m+3)

< d(yn' yn+1) ] d(yn+1’ yn+2) + d(yn+2’ yn+3) + d(yn+3’ yn+4) + d(yn+4' yn+5)
+ d (yn+5’ yn+6) + d (yn+61 yn+7) a d (yn+7’ yn+8) i d (yn+8’ yn+4m+3)

= d (yn ’ yn+1) + d(yn+l’ yn+2) 1n d (yn+2’ yn+3) + d (yn+3' yn+4) 4 d(yn+4' yn+5) +
""""""""" + d (yn+4m+l’ yn+4m+2) i d (yn+4m+2 ' yn+4m+3)

<h"d(y,,y,) +h"™d(Y,, y,) +h™2d(Yy, Yy) + oo +h™ ™ (y,, y,) +h™ ™2 d(y,, y,)

gh”(1+h+h2+h3+ ............ )d(yoay1)

n

Henced(yn,yn+4m+3)slh—hd(yo,yl), m>1 2.3(9)

Case IV: p=4m+4 for m> 1

By hexagonal equality we have
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d(yn’ yn+4m+4) < d (yn' yn+l) + d(yn+l’ yn+2) + d(yn+2’ yn+3) + d(yn+3’ yn+4) + d(yn+4’ yn+4m+4)

< d(yn' yn+1) + d(yn+1’ yn+2) + d(yn+2’ yn+3) + d(yn+3! yn+4) + d(yn+4' yn+5)
+ d (yn+5’ yn+6) + d (yn+67 yn+7) + d (yn+7’ yn+8) + d (yn+8’ yn+4m+4)

= d (yn ' yn+1) + d(yn+l’ yn+2) + d (yn+27 yn+3) + d (yn+3' yn+4) + d (yn+4' yn+5) +
.................. + d(yn+4m+2’ yn+4m+3) +d (yn+4m+31 yn+4m+4)

<h"d(Yo, 1) +h™d (Yo, ¥1) + +h"™2d (Yo, ¥i) + oo + D™ 2d (v, ) +h™™2d (y,, ;)
<h"@+h+h*+h®+... Yd(Yo,Y,)

HeNGe d(Y,, Youana) < 3 - 800, m21 2.3(10)
Thus from above four cases, we have d(y,,Y,,,) < 1h—hd (Yo, Y1)

Since P is normal cone we have Hd(yn, Ynip

‘ < ,u ||d(y0, yl)|| —0asn—wforallpe N

Hence {Yy, }isa Cauchy sequence in X.
Since g(X) IS a complete subspace of X, there exist b € X such that

limy 0 Y =limy 0 GXn4q = b
Also we can find a e X such that ga=b

Now consider
d ( fa" b) = d ( fa’ yn+1) + d (yn+l1 yn+2) 5 d (yn+2' yn+3) + d (yn+3’ yn+4) + d (yn+4 ' b)

a d(fa! an+1) + d(yn+1’ yn+2) + d (yn+2' yn+3) + d(yn+Sl yn+4) vis d(yn+4’b)

<k[d(fa,gx,,;) +d (.1, 9]+ d(YVyi1s Yoio) T A(Voior Yoia) +A(YViiss Yiia)
+d(Y,.4,b)

< k[d(fa7 yn) + d(yn+1’b)]+ d(yn+1’ yn+2) + d(yn+27 yn+3) + d(yn+3’ yn+4)
+ d(yn+47b)

A Monthly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories
Indexed & Listed at: Ulrich's Periodicals Directory ©, U.S.A., [JsEiINECELERNEIE! as well as in Cabell’s Directories of Publishing Opportunities, U.S.A.

International Journal of Physical and Social Sciences
http://www.ijmra.us



Novemberh  [ITIX  votumes,issue1r  [OONHPPY T LT

2015 -

<k[d(fa,b)+d(b,y,)]+kd(y,.1,0) +d(Yr.1 Yoiz) +d (Va2 Yoia)
+ d(yn+3’ yn+4) + d(yn+4'b)

1
d ( fa! b) < ﬁ[kd(yn ' yn+1) +d (yn+l! yn+2) +d (yn+2 ' yn+3) +d (yn+3’ yn+4) +d (yn+4 ' b)]

Since P is normal cone we have

[d(fa,b)] sﬁnkd(yn, Your) ¥ Vs Yorz) A Vazs Yia) A Vras Vors) + 0 (Yoras D) = 0

AS n—o
This implies |d( fa,b)|=0
Which implies fa=Db 2.3(11)
Therefore fa=ga=b thus fand g have a coincidence point in X.
Now we shall prove point of coincidence is unique.
Let r be any point of coincidence of fand g Then fy=gy=r 2.3(12)
Suppose v is any point of coincidence of f and g then we have fc=gc=v 2.3(13)
Now, d(r,v)=d(fy, fc) <k[d(fy,gc)+d(fc,gy)]
<k[d(r,v)+d(v,r)]=0

d(r,v)=0

r=v
Thus f and g have unique point of coincidence in X
Since f and g are weakly compatible then from  2.3(12) we have fr = fgy=gfy=gr

Therefore fr = gr = w(say)

This shows that w is another point of coincidence of fandg

Therefore by the uniqueness of point of coincidence we must have w=r
Hence, there exist unique pointr e Xsuchthat fr=gr=r

Thus r is a unique common fixed point of self mappings fand g
Hence f and g have a unique common fixed point

To illustrate theorem 2.1, 2.2 and 2.3 we give the following example
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Example 2.4: let X ={1,2,34,56},E=R?*and P={(x,y):x,y >0} is a normal cone in E.
Define

d: X X X — E as follows:
d@,2)=d(21) =(510)
d@3)=dBl)=d(@4)=d(41)=d@5)=d(51)=d(23)=d(3,2)=d(2,4)=d(4,2) =d(2,5) =d(52)
=d(34)=d(43)=d(35)=d(53)=d(4,5)=d(54) = (1,2)
d(1,6)=d(6,1) =d(2,6) =d(6,2) =d(3,6) =d(6,3) =d(4,6) =d(6,4) = d(5,6) =d(6,5) = (4,8)

Then (X, d) is a complete cone hexagonal metric space

Now we define the self maps f,g: X —>X .o follows f(x):{f’ilff::fg and
2,if x=1
1Lif x=2
3,if x=3
5if x=4
4,if x =5
6,if x=6

g(x) =

It is clear that f(x)c g(x), f and g are weakly compatible, clearly f and g satisfies the

contractive conditions 2.1(1) 2.2(1) and 2.3(1) of theorems 2.1, 2.2 and2.3. Hence f and g
satisfies all the conditions of theorems of 2.1, 2.2 and 2.3. And 3 is unique common fixed point
fand g
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