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1. Introduction: 

  The fundamental work in metric fixed point theory, by Stefan banach in 1922 is famous 

as banach contraction principle. After that a number of authors introduced different contractive 

type mappings and proved many fixed point theorems extending the theory. B.E.Rhoades [1], 

Paula Collaco and Jaime Carvalho E Silva [2] compared various definitions of contractive 

mappings. In 2007, Huang and Zhang [3] introduced the concept of cone metric spaces by 

replacing the     co domain with Banach spaces in a metric function whose range satisfy the 

properties of a cone. Subsequently, Abbas and Jungck [4], Abbas and Rhoades [5] have studied 

common fixed point theorems in cone metric spaces for normal cones with the assumption of 

normality. Sh.Rezapour and R.Hamlbarani [6] proved some fixed point theorems for any cone, 

omitting the assumption of normality. Recently, several authors have proved and proving many 

common fixed point theorems, see [7-12]. Recently Manoj Garg [14] introduced cone hexagonal 

metric space and proved banach contraction principle in cone hexagonal metric space.    

  The purpose of this paper is to prove the common fixed point theorems for a pair of 

weakly compatible maps which satisfy generalized contractive conditions in complete normal 

cone hexagonal metric space.  

The following notions have been used to prove the main result. 

Def i n i t i o n 1.1:([3])  L et  E  b e  a  r ea l Banach Space. A subset P of E is called cone   if and 

only if 

 (i) P is closed, non empty and P ≠{0}(ii) 0 ≤ a, b ϵ  R and  x, y ϵ  P implies ax + by  ϵ  P 

(iii)P∩(- P) = {0}. 

Definition 1.2:([3]) The partial ordering  ≤  with respect to P ⊆ E is defined by    (i) x ≤ y if and 

only if   y-  x ϵ  P. (ii) x < y shows that x ≤ y but x ≠ y, (iii) x << y will stand for y - x ϵ  int(P),  

int(P)  denotes the interior of P. 

Definition 1.3 :([3]) A cone P is called normal if there is a number µ ≥ 1 such that for all x, y 

ϵ  E, the inequality      0 ≤ x ≤ y implies ||x|| ≤  µ ||y ||. 

The least positive number µ satisfying the above inequality is called the normal constant of P. 

      In this paper we always suppose that E is a real Banach space and P is a cone in E with int(P) 

≠ Φ and  

       „ ≤‟ is a partial ordering with respect to P. 
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Definition 1.4:([13]) Let X be a non empty set. Suppose that the mapping d: X  X → E 

satisfies: 

(i)  0 < d(x, y) for all x, y ϵ  X and d(x, y) = 0 if and only if x = y. 

(ii) d (x, y) =d (y, x) for all x, y ϵ  X. 

(iii) d (x, y) ≤ d(x, z)+d(z, w)+d(w, u) + d(u, y) for all x, y, z, w, u ϵ  X and for all distinct 

points 

 z, w, u ϵ  X - {x, y}. 

Then d is called a cone pentagonal metric on X and (X,d) is called a cone pentagonal metric space. 

Definition 1.5:[14] Let X be a non empty set. Suppose that the mapping d : X  X → E  

satisfies: 

(i) 0 < d(x, y) for all x, y ϵ  X and d(x, y) = 0 if and only if x = y 

(ii) d (x, y) =d (y, x) for all x, y ϵ  X. 

       (iii)  d(x, y) ≤ d(x, z) + d(z, w) + d(w, u) + d(u, v) + d(v, y) for all x, y, z, w, u, v ϵ  X and 

for all distinct points z, w, u, v ϵ  X -{x, y}[hexagonal property]. 

Then d is called a cone hexagonal metric on X, and (X, d) is called a cone hexagonal metric space. 

Definition 1.6[14]: Let {xn} be a sequence in a cone hexagonal metric space (X, d) and xϵ  X. If 

for every c ϵ  E, with 0<< c there exist n0 ϵ  N and that for all n > n0,d(xn, x) << c, then {xn} is 

said to be convergent, {xn} converges to x and x is the limit of {xn}. It is denoted by 

  or xn → x,    as n →∞. 

Definition 1.7[14]: If for every c ϵ  E, with 0 << c there exist n0 ϵ  N such that for all   n > n0,                   

   d (xn , xm) <<c, then {xn} is called Cauchy sequence in a cone hexagonal metric space X. 

Definition 1.8[14]:  If every Cauchy sequence is convergent in a cone hexagonal metric space 

(X, d), then (X, d) is called a complete cone hexagonal metric space. 

Theorem 1.9[14]: Let (X, d) be a cone hexagonal metric space and P be a normal cone with 

normal constant µ. Let {xn} be a sequence in X, then {xn} converges to x if and only if 

0),( xxd n  as n→∞  

Theorem 1.10[14]: Let (X, d) be a cone hexagonal metric space and P be a normal cone with 

normal constant µ. Let {xn} be a sequence in X, then {xn} is a Cauchy sequence if and only if 

0),( pnn xxd  as n  . 
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Theorem 1.11[14]: Every cone (or rectangular or pentagonal) metric space is cone hexagonal metric 

space. 

The converse of the above theorem is not necessarily true as it can be seen from the following 

example. 

Example 1.12 Let X = N, E = R2 and P= {(x, y): x, y ≥ 0}. Define d: X  X → E as follows: 

d(x, y) = (0, 0) if x = y; 

 d(x, y) = (9, 15) if x and y are in {3, 4}, x ≠ y; 

 d(x, y) = (3, 5) if x and y cannot both at a time in {3, 4}, x ≠ y. 

Then (X, d) is a cone hexagonal (or pentagonal or rectangular) metric space but not a cone 

metric space because it lacks the triangular property: 

(9, 15) = d (3, 4) > d (3, 5) + d (5, 4) = (3, 5) + (3, 5) = (6, 10) 

As (9, 15) - (6, 10) = (3, 5) ϵ  P. 

 

Theorem 1.13[14]: Every rectangular and pentagonal (resp. complete rectangular and complete 

pentagonal) cone metric space is hexagonal (resp. complete hexagonal) cone metric space. 

The converse of the above theorem is not necessarily true as it can be seen from the 

following example. 

Example 1.14: let 
2},6,5,4,3,2,1{ REX and }0,:),{( yxyxP  is a normal cone in E. 

Define 

 d:  X  X → E as follows:  

     

)8,4()5,6()6,5()4,6()6,4()3,6()6,3()2,6()6,2()1,6()6,1(

)2,1()4,5()5,4()3,5()5,3()3,4()4,3(

)2,5()5,2()2,4()4,2()2,3()3,2()1,5()5,1()1,4()4,1()1,3()3,1(

)10,5()1,2()2,1(

dddddddddd

dddddd

dddddddddddd

dd

 

Then (X, d) is a cone hexagonal (resp. complete hexagonal) metric space but not a cone 

pentagonal (resp. complete pentagonal) and so cone rectangular (resp. complete rectangular) 

metric space because it lacks the pentagonal and rectangular property: 

               (5, 10) = d(1, 2) > d(1, 3) + d(3, 4) + d(4, 5) +d(5, 2) = (1, 2) + (1, 2) + (1, 2) + (1, 2) = 

(4, 8) 
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              As (5, 10) - (4, 8) = (1, 2) ϵ  P. 

Definition 1.15 [4]: let X be a non empty set and f, g two self maps on X  then                       

(i) if  q=fp=gp for some p , then p is called a coincidence point of  f 

and g also q is  called a point of coincidence  of f and g  

(ii)  if p=fp=gp for some p , then p is called a common fixed point of  

f and g  

Definition 1.16[4]: let X be a non empty set and f, g two self maps on X . The pair 

{f, g} is   

                         Said to be weakly compatible if f(gt) = g(ft)  Whenever  ft=gt for 

some  t ϵ  X 

Theorem 1.17[4]: let f and g weakly compatible self maps of a set X. If f and g 

have a unique point of coincidence w=fx=gx, then w is the unique common fixed 

point of f and g.  

2. Main results 

Theorem 2.1:  let (X, d) be a cone hexagonal metric space . Suppose the self maps

XXgf :,   satisfy the contractive condition Xyxgygxkdfyfxd ,),,(),(                                                      

2.1(1) 

Where )1,0[k  is a constant. If the range of f is contained in the range of g and the range of g 

is a complete subspace of X. more over if f and g are weakly compatible, then f and g have 

unique common fixed point.  

Proof: Let Xx0  be arbitrary choose Xx1 such that )()( 10 xgxf .This is possible since 

)()( XgXf  continuing this process, choose Xxn 1  such that )()( 1nn xgxf   , n= 0, 1, 

2……. 

Now we define a sequence {yn} in X such that )()( 1nnn xgxfy  for n=0, 1, 2……         

2.1(2) 

If 1mm yy  for some Nm , then )()( 11 mmm xgxfy   

 

 

            That is f and g have a coincidence point Xxm 1   
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Assume Nnyy nn ,1  

Now ),(),( 11 nnnn fxfxdyyd         

                       ),( 1nn gxgxkd         Using 2.1(1) 

                       ),( 1 nn yykd              Using 2.1(2) 

 By repeated application of 2.1(1) and 2.1(2), we get    

         ),(),( 101 yydkyyd n

nn
                                                                                      

2.1(3) 

 Now     ),(),(),( 2112 nnnnnn yydyydyyd        

                                 ),(),( 10

1

10 yydkyydk nn                    

                                  ),()1( 10 yydkk n           

              ),(
1

),( 102 yyd
k

k
yyd

n

nn
                                                                                       

2.1(4) 

Similarly ),(
1

),( 103 yyd
k

k
yyd

n

nn
                                                                                     

2.1(5) 

                ),(
1

),( 104 yyd
k

k
yyd

n

nn
                                                                                     

2.1(6) 

Now for the sequence }{ ny  we consider ),( pnn yyd  in four cases  

Case I: p= 4m+1 for m ≥ 1   

Then by hexagonal equality we have                                         

),(),(),(),(),(),( 144433221114 mnnnnnnnnnnmnn yydyydyydyydyydyyd   

                        
),(),(),(),(

),(),(),(),(),(

148877665

544332211

mnnnnnnnn

nnnnnnnnnn

yydyydyydyyd

yydyydyydyydyyd
 

                        
),(),(..................

),(),(),(),(),(

144414

544332211

mnmnmnmn

nnnnnnnnnn

yydyyd

yydyydyydyydyyd
 

                        

),(),(.......),(),(),( 10

4

10

14

10

2

10

1

10 yydkyydkyydkyydkyydk mnmnnnn                                                                
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 ),(..)..........1( 10

32 yydkkkk n   

Hence ),(
1

),( 1014 yyd
k

k
yyd

n

mnn
,    m ≥ 1                                                                     2.1(7) 

 Case II: p= 4m+2 for m ≥ 1   

 By hexagonal equality we have   

  ),(),(),(),(),(),( 244433221124 mnnnnnnnnnnmnn yydyydyydyydyydyyd   

                        
),(),(),(),(

),(),(),(),(),(

248877665

544332211

mnnnnnnnn

nnnnnnnnnn

yydyydyydyyd

yydyydyydyydyyd
 

                        
),(),(..................

),(),(),(),(),(

2414144

544332211

mnmnmnmn

nnnnnnnnnn

yydyyd

yydyydyydyydyyd
 

                        

                       

),(),(.......),(),(),( 10

14

10

4

10

2

10

1

10 yydkyydkyydkyydkyydk mnmnnnn                                                                

                      ),(..)..........1( 10

32 yydkkkk n   

Hence ),(
1

),( 1024 yyd
k

k
yyd

n

mnn
,    m ≥ 1                                                                  2.1(8)   

 Case III: p= 4m+3 for m ≥ 1   

 By hexagonal equality we have   

   ),(),(),(),(),(),( 344433221134 mnnnnnnnnnnmnn yydyydyydyydyydyyd   

                        
),(),(),(),(

),(),(),(),(),(

348877665

544332211

mnnnnnnnn

nnnnnnnnnn

yydyydyydyyd

yydyydyydyydyyd
 

                        
),(),(..................

),(),(),(),(),(

34242414

544332211

mnmnmnmn

nnnnnnnnnn

yydyyd

yydyydyydyydyyd
 

                      

),(),(.......),(),(),( 10

24

10

14

10

2

10

1

10 yydkyydkyydkyydkyydk mnmnnnn                                                                

                      ),(..)..........1( 10

32 yydkkkk n   

Hence ),(
1

),( 1034 yyd
k

k
yyd

n

mnn ,    m ≥ 1                                                                 2.1(9)   

Case IV: p= 4m+4 for m ≥ 1   
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 By hexagonal equality we have   

),(),(),(),(),(),( 444433221144 mnnnnnnnnnnmnn yydyydyydyydyydyyd   

                        
),(),(),(),(

),(),(),(),(),(

448877665

544332211

mnnnnnnnn

nnnnnnnnnn

yydyydyydyyd

yydyydyydyydyyd
 

                        
),(),(..................

),(),(),(),(),(

44343424

544332211

mnmnmnmn

nnnnnnnnnn

yydyyd

yydyydyydyydyyd
 

                       

),(),(.......),(),(),( 10

34

10

24

10

2

10

1

10 yydkyydkyydkyydkyydk mnmnnnn                                                                

                       ),(..)..........1( 10

32 yydkkkk n   

Hence ),(
1

),( 1044 yyd
k

k
yyd

n

mnn
, m ≥ 1                                                                2.1(10)                                                                                         

Thus from above four cases, we have  ),(
1

),( 10 yyd
k

k
yyd

n

pnn
 

Since P is normal cone we have 0),(
1

),( 10 yyd
k

k
yyd

n

pnn
 as n→∞ for all p ϵ  N 

 

 

Hence   { ny } is a Cauchy sequence in X.   

Since )(Xg   is a complete subspace of X, there exist b ϵ  X such that  

 

Also we can find a ϵ  X such that ga=b 

Now consider       

),(),(),(),(),(),( 44332211 bydyydyydyydyfadbfad nnnnnnnn                                      

),(),(),(),(),( 44332211 bydyydyydyydfxfad nnnnnnnn  

                                          

),(),(),(),(),( 44332211 bydyydyydyydgxgakd nnnnnnnn  

                                                  ),(),(),(),(),( 4433221 bydyydyydyydybkd nnnnnnnn  

 Since P is normal cone we have                

0),(),(),(),(),(),( 4433221 bydyydyydyydybkdbfad nnnnnnnn as n→∞ 



                IJPSS            Volume 5, Issue 11            ISSN: 2249-5894 
___________________________________________________________ 

A Monthly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories 
Indexed & Listed at: Ulrich's Periodicals Directory ©, U.S.A., Open J-Gage, India as well as in Cabell’s Directories of Publishing Opportunities, U.S.A. 

International Journal of Physical and Social Sciences 
http://www.ijmra.us 

 
134 

November 
2015 

                   This implies     0),( bfad  

                  Which implies      bfa                                                                           2.1(11) 

Therefore  bgafa   thus f and g have a coincidence point in X.  

Now we shall prove   point of coincidence is unique. 

Let r be any point of coincidence of f and g Then rgyfy                                    2.1(12)                                                                                                                

Suppose v   is any point of coincidence of f and g then we have vgcfc              2.1(13) 

Now, ),(),(),( gcgykdfcfydvrd   

                  ),(),( vrkdvrd  

                 Pvrdk ),()1(  Using def 1.2(i) 

Multiplying with positive real number   (1-k), we get Pvrd ),(  

But, we have Pvrd ),( .  From the def of cone and cone metric we get vr   

Thus f and g have unique point of coincidence in X  

Since f and g are weakly compatible then from     2.1(12) we have  grgfyfgyfr   

  Therefore )(saywgrfr   

This shows that w is another point of coincidence   of   f and g 

Therefore by the uniqueness of point of coincidence we must have  rw   

Hence, there exist unique point r ϵ  X such that  rgrfr   

Thus r is a unique common fixed point of self mappings f and g 

Hence f and g have a unique common fixed point  

 

Theorem 2.2:  let (X, d) be a cone hexagonal metric space. Suppose the self maps XXgf :,   

satisfy the contractive condition Xyxgyfydgxfxdkfyfxd ,)],,(),([),(                   2.2(1) 

Where )
2

1
,0[k  is a constant. If the range of f is contained in the range of g and the range of g 

is a complete subspace of X then f and g have a unique coincidence point in X more over if f 

and g are weakly compatible, then f and g have unique common fixed point.  

Proof: Let Xx0  be arbitrary choose Xx1 such that )()( 10 xgxf .This is possible since 

)()( XgXf  continuing this process, choose Xxn 1  such that )()( 1nn xgxf   , n= 0, 1, 

2……. 
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Now we define a sequence {yn} in X such that )()( 1nnn xgxfy  for n=0, 1, 2……       2.2 

(2) 

If 1mm yy  for some Nm , then )()( 11 mmm xgxfy   

That is f and g have a coincidence point Xxm 1   

Assume Nnyy nn ,1  

Now ),(),( 11 nnnn fxfxdyyd  

                           )],(),([ 11 nnnn gxfxdgxfxdk  From 2.2(1) 

                           )],(),([ 11 nnnn yydyydk     From 2.2(2) 

                          )],(),([ 11 nnnn yydyydk  

 Which implies that ),(
1

),( 11 nnnn yyd
k

k
yyd      for n= 0, 1, 2……. 

                      Thus ),(),( 11 nnnn yydyyd   

                                                 ),( 12

2

nn yyd     

                                                       …… 

                                                       …… 

                           ),(),( 101 yydyyd n

nn                                                               2.2(3)          

   For all 0n  where 
k

k

1
< 1 

   Now     ),(),(),( 2112 nnnnnn yydyydyyd        

                                 ),(),( 10

1

10 yydyyd nn                    

                                  ),()1( 10 yydn    

              ),(
1

),( 102 yydyyd
n

nn                                                                        2.2(4) 

 

 

Similarly ),(
1

),( 103 yydyyd
n

nn                                                                       2.2(5) 
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                ),(
1

),( 104 yydyyd
n

nn                                                                       2.2(6) 

Now for the sequence }{ ny  we consider ),( pnn yyd  in four cases  

Case I: p= 4m+1 for m ≥ 1   

Then by hexagonal equality we have                                         

),(),(),(),(),(),( 144433221114 mnnnnnnnnnnmnn yydyydyydyydyydyyd   

                        
),(),(),(),(

),(),(),(),(),(

148877665

544332211

mnnnnnnnn

nnnnnnnnnn

yydyydyydyyd

yydyydyydyydyyd
 

                        
),(),(..................

),(),(),(),(),(

144414

544332211

mnmnmnmn

nnnnnnnnnn

yydyyd

yydyydyydyydyyd
 

                      

),(),(.......),(),(),( 10

4

10

14

10

2

10

1

10 yydyydyydyydyyd mnmnnnn                                                                

                      ),(..)..........1( 10

32 yydn   

   Hence ),(
1

),( 1014 yydyyd
n

mnn ,    m ≥ 1                                                        2.2(7) 

  Case II: p= 4m+2 for m ≥ 1   

       By hexagonal equality we have   

  ),(),(),(),(),(),( 244433221124 mnnnnnnnnnnmnn yydyydyydyydyydyyd   

                        
),(),(),(),(

),(),(),(),(),(

248877665

544332211

mnnnnnnnn

nnnnnnnnnn

yydyydyydyyd

yydyydyydyydyyd
 

                        
),(),(..................

),(),(),(),(),(

2414144

544332211

mnmnmnmn

nnnnnnnnnn

yydyyd

yydyydyydyydyyd
 

                       

),(),(.......),(),(),( 10

14

10

4

10

2

10

1

10 yydyydyydyydyyd mnmnnnn                                                                

                       ),(..)..........1( 10

32 yydn   

Hence ),(
1

),( 1024 yydyyd
n

mnn ,    m ≥ 1                                                            2.2(8) 

Case III: p= 4m+3 for m ≥ 1   

 By hexagonal equality we have   
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   ),(),(),(),(),(),( 344433221134 mnnnnnnnnnnmnn yydyydyydyydyydyyd   

                        
),(),(),(),(

),(),(),(),(),(

348877665

544332211

mnnnnnnnn

nnnnnnnnnn

yydyydyydyyd

yydyydyydyydyyd
 

                        
),(),(..................

),(),(),(),(),(

34242414

544332211

mnmnmnmn

nnnnnnnnnn

yydyyd

yydyydyydyydyyd
 

                       

),(),(.......),(),(),( 10

24

10

14

10

2

10

1

10 yydyydyydyydyyd mnmnnnn                                                                

                      ),(..)..........1( 10

32 yydn   

Hence ),(
1

),( 1034 yydyyd
n

mnn ,    m ≥ 1                                                               2.2(9)                                                                        

Case IV: p= 4m+4 for m ≥ 1   

 By hexagonal equality we have   

),(),(),(),(),(),( 444433221144 mnnnnnnnnnnmnn yydyydyydyydyydyyd   

                        
),(),(),(),(

),(),(),(),(),(

448877665

544332211

mnnnnnnnn

nnnnnnnnnn

yydyydyydyyd

yydyydyydyydyyd
 

                        
),(),(..................

),(),(),(),(),(

44343424

544332211

mnmnmnmn

nnnnnnnnnn

yydyyd

yydyydyydyydyyd
 

                        

),(),(.......),(),(),( 10

34

10

24

10

2

10

1

10 yydyydyydyydyyd mnmnnnn                                                                

                        ),(..)..........1( 10

32 yydn   

Hence ),(
1

),( 1044 yydyyd
n

mnn ,    m ≥ 1                                                                2.2(10)                                                                       

Thus from above four cases, we have  ),(
1

),( 10 yydyyd
n

pnn  

Since P is normal cone we have 0),(
1

),( 10 yydyyd
n

pnn  as n→∞ for all p ϵ  N 

Hence   { ny } is a Cauchy sequence in X.   

Since )(Xg   is a complete subspace of X, there exist b ϵ  X such that  
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Also we can find a ϵ  X such that ga=b  

Now consider           

),(),(),(),(),(),( 44332211 bydyydyydyydyfadbfad nnnnnnnn      

                                               

),(),(),(),(),( 44332211 bydyydyydyydfxfad nnnnnnnn  

                                         

),(

),(),(),()],(),([

4

43322111

byd

yydyydyydgxfxdgafadk

n

nnnnnnnn  

                                         

),(

),(),(),(),(),(

4

4332211

byd

yydyydyydyykdbfakd

n

nnnnnnnn
 

                                    

)],(),(),(),(),([
1

1
),( 44332211 bydyydyydyydyykd

k
bfad nnnnnnnnn

 

Since P is normal cone we have                                                                                                                                                                                   

0),(),(),(),(),(
1

),( 44332211 bydyydyydyydyykd
k

bfad nnnnnnnnn
as 

n→∞ 

                         

        This implies    0),( bfad  

                    Which implies     bfa                                                                        2.2(11) 

Therefore  bgafa   thus f and g have a coincidence point in X.  

Now we shall prove   point of coincidence is unique. 

Let r be any point of coincidence of f and g Then rgyfy                                  2.2(12)                                                                                                                

Suppose v   is any point of coincidence of f and g then we have vgcfc           2.2(13) 

   Now,   )],(),([),(),( gcfcdgyfydkfcfydvrd  

                                              0)],(),([ fcfcdfyfydk  

                                 0),( vrd  

                                  vr   



                IJPSS            Volume 5, Issue 11            ISSN: 2249-5894 
___________________________________________________________ 

A Monthly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories 
Indexed & Listed at: Ulrich's Periodicals Directory ©, U.S.A., Open J-Gage, India as well as in Cabell’s Directories of Publishing Opportunities, U.S.A. 

International Journal of Physical and Social Sciences 
http://www.ijmra.us 

 
139 

November 
2015 

Thus f and g have unique point of coincidence in X  

Since f and g are weakly compatible then from     2.2(12) we have  grgfyfgyfr   

  Therefore )(saywgrfr   

This shows that w is another point of coincidence   of   f and g 

Therefore by the uniqueness of point of coincidence we must have  rw   

Hence, there exist unique point r ϵ  X such that  rgrfr   

Thus r   is a unique common fixed point of self mappings f and g 

Hence f and g have a unique common fixed point 

 Theorem 2.3: let (X, d) be a cone hexagonal metric space. Suppose the self maps XXgf :,   

satisfy the contractive condition Xyxgxfydgyfxdkfyfxd ,)],,(),([),(                              

2.3(1) 

Where )
2

1
,0[k  is a constant. If the range of f is contained in the range of g and the range of g 

is a complete subspace of X then f and g have a unique coincidence point in X more over if f and 

g are weakly compatible, then f and g have unique common fixed point.  

Proof: Let Xx0  be arbitrary choose Xx1 such that )()( 10 xgxf .This is possible since 

)()( XgXf  continuing this process, choose Xxn 1  such that )()( 1nn xgxf   , n= 0, 1, 

2……. 

Now we define a sequence {yn} in X such that )()( 1nnn xgxfy  for n=0, 1, 2……      2.3 

(2) 

If 1mm yy  for some Nm , then )()( 11 mmm xgxfy   

That is f and g have a coincidence point Xxm 1   

Assume Nnyy nn ,1  

 

 

 

Now ),(),( 11 nnnn fxfxdyyd  

                           )],(),([ 11 nnnn gxfxdgxfxdk  From 2.3(1) 

                           )],(),([ 11 nnnn yydyydk     From 2.3(2) 
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                          )],(),([ 11 nnnn yydyydk  

 Which implies that ),(
1

),( 11 nnnn yyd
k

k
yyd      for n= 0, 1, 2……. 

                         Thus ),(),( 11 nnnn yyhdyyd   

                                                 ),( 12

2

nn yydh     

                                                       …… 

                                                       …… 

                           ),(),( 101 yydhyyd n

nn
                                                                     2.3(3)          

   For all 0n  where 
k

k
h

1
< 1 

   Now     ),(),(),( 2112 nnnnnn yydyydyyd        

                                 ),(),( 10

1

10 yydhyydh nn                    

                                  ),()1( 10 yydhhn    

              ),(
1

),( 102 yyd
h

h
yyd

n

nn
                                                                              2.3(4) 

Similarly ),(
1

),( 103 yyd
h

h
yyd

n

nn                                                                             2.3(5) 

                ),(
1

),( 104 yyd
h

h
yyd

n

nn
                                                                            2.3(6) 

Now for the sequence }{ ny  we consider ),( pnn yyd  in four cases  

Case I: p= 4m+1 for m ≥ 1   

      By hexagonal equality we have                                         

),(),(),(),(),(),( 144433221114 mnnnnnnnnnnmnn yydyydyydyydyydyyd   

                        
),(),(),(),(

),(),(),(),(),(

148877665

544332211

mnnnnnnnn

nnnnnnnnnn

yydyydyydyyd

yydyydyydyydyyd
 

                        
),(),(..................

),(),(),(),(),(

144414

544332211

mnmnmnmn

nnnnnnnnnn

yydyyd

yydyydyydyydyyd
 

                       

),(),(.......),(),(),( 10

4

10

14

10

2

10

1

10 yydhyydhyydhyydhyydh mnmnnnn                                                                
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                       ),(..)..........1( 10

32 yydhhhhn   

   Hence ),(
1

),( 1014 yyd
h

h
yyd

n

mnn
,    m ≥ 1                                                           2.3(7) 

Case II: p= 4m+2 for m ≥ 1   

       By hexagonal equality we have   

  ),(),(),(),(),(),( 244433221124 mnnnnnnnnnnmnn yydyydyydyydyydyyd   

                        
),(),(),(),(

),(),(),(),(),(
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544332211

mnnnnnnnn

nnnnnnnnnn

yydyydyydyyd

yydyydyydyydyyd
 

                        
),(),(..................

),(),(),(),(),(
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nnnnnnnnnn
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yydyydyydyydyyd
 

                       

),(),(.......),(),(),( 10
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4
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2
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1

10 yydhyydhyydhyydhyydh mnmnnnn                                                                

                         ),(..)..........1( 10

32 yydhhhhn   

Hence ),(
1

),( 1024 yyd
h

h
yyd

n

mnn
,    m ≥ 1                                                           2.3(8) 

Case III: p= 4m+3 for m ≥ 1   

 By hexagonal equality we have   

   ),(),(),(),(),(),( 344433221134 mnnnnnnnnnnmnn yydyydyydyydyydyyd   

                        
),(),(),(),(

),(),(),(),(),(

348877665

544332211

mnnnnnnnn

nnnnnnnnnn

yydyydyydyyd

yydyydyydyydyyd
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),(),(),(),(),(
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mnmnmnmn

nnnnnnnnnn
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yydyydyydyydyyd
 

                      

),(),(.......),(),(),( 10
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2
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1

10 yydhyydhyydhyydhyydh mnmnnnn                                                                

                      ),(..)..........1( 10

32 yydhhhhn   

Hence ),(
1

),( 1034 yyd
h

h
yyd

n

mnn ,    m ≥ 1                                                            2.3(9)   

Case IV: p= 4m+4 for m ≥ 1   

 By hexagonal equality we have   
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),(),(),(),(),(),( 444433221144 mnnnnnnnnnnmnn yydyydyydyydyydyyd   
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                       ),(..)..........1( 10
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Hence ),(
1

),( 1044 yyd
h

h
yyd

n

mnn
,    m ≥ 1                                                             2.3(10)                                                                                                                                              

Thus from above four cases, we have  ),(
1

),( 10 yyd
h

h
yyd

n

pnn
 

Since P is normal cone we have 0),(
1

),( 10 yyd
h

h
yyd

n

pnn
 as n→∞ for all p ϵ  N 

Hence   { ny } is a Cauchy sequence in X.   

Since )(Xg   is a complete subspace of X, there exist b ϵ  X such that  

 

Also we can find a ϵ  X such that ga=b 

Now consider           

),(),(),(),(),(),( 44332211 bydyydyydyydyfadbfad nnnnnnnn      

                                               

),(),(),(),(),( 44332211 bydyydyydyydfxfad nnnnnnnn  

                                              

),(

),(),(),()],(),([

4

43322111
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yydyydyydgafxdgxfadk

n

nnnnnnnn
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),(),(),()],(),([
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),(),(

),(),(),()],(),([

443

32211

bydyyd

yydyydbykdybdbfadk

nnn

nnnnnn                              

             )],(),(),(),(),([
1

1
),( 44332211 bydyydyydyydyykd

k
bfad nnnnnnnnn

   

Since P is normal cone we have   

   0),(),(),(),(),(
1

),( 44332211 bydyydyydyydyykd
k

bfad nnnnnnnnn
 

As n→∞ 

          This implies  0),( bfad  

              Which implies           bfa                                                                        2.3(11) 

Therefore  bgafa   thus f and g have a coincidence point in X.  

Now we shall prove   point of coincidence is unique. 

Let r be any point of coincidence of f and g Then rgyfy                                  2.3(12)                                                                                                                

Suppose v   is any point of coincidence of f and g then we have vgcfc            2.3(13) 

Now,   )],(),([),(),( gyfcdgcfydkfcfydvrd  

                                          0)],(),([ rvdvrdk  

                             0),( vrd  

                            vr   

Thus f and g have unique point of coincidence in X  

Since f and g are weakly compatible then from     2.3(12) we have  grgfyfgyfr   

  Therefore )(saywgrfr   

 

 

This shows that w is another point of coincidence   of   f and g 

Therefore by the uniqueness of point of coincidence we must have  rw   

Hence, there exist unique point r ϵ  X such that  rgrfr   

Thus r   is a unique common fixed point of self mappings    f and g 

Hence f and g have a unique common fixed point 

To illustrate theorem 2.1, 2.2 and 2.3 we give the following example 



                IJPSS            Volume 5, Issue 11            ISSN: 2249-5894 
___________________________________________________________ 

A Monthly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories 
Indexed & Listed at: Ulrich's Periodicals Directory ©, U.S.A., Open J-Gage, India as well as in Cabell’s Directories of Publishing Opportunities, U.S.A. 

International Journal of Physical and Social Sciences 
http://www.ijmra.us 

 
144 

November 
2015 

Example 2.4: let 2},6,5,4,3,2,1{ REX and }0,:),{( yxyxP  is a normal cone in E. 

Define 

    d:  X  X → E as follows:  

)8,4()5,6()6,5()4,6()6,4()3,6()6,3()2,6()6,2()1,6()6,1(

)2,1()4,5()5,4()3,5()5,3()3,4()4,3(

)2,5()5,2()2,4()4,2()2,3()3,2()1,5()5,1()1,4()4,1()1,3()3,1(

)10,5()1,2()2,1(

dddddddddd

dddddd

dddddddddddd

dd

 

 

Then (X, d) is a complete cone hexagonal metric space 

Now we define the self maps  XXgf :,   as follows   6,1

6,3
)(

xif

xif
xf  and 

6,6

5,4

4,5

3,3

2,1

1,2

)(

xif

xif

xif

xif

xif

xif

xg
 

It is clear that )()( xgxf , f and g are weakly compatible, clearly f and g satisfies the 

contractive conditions 2.1(1) 2.2(1) and 2.3(1) of theorems 2.1, 2.2 and2.3. Hence f and g 

satisfies all the conditions of theorems of 2.1, 2.2 and 2.3.  And   3 is unique common fixed point 

f and g 
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